We show that under a general disformal transformation the linear comoving curvature perturbation is not identically invariant, but is invariant on superhorizon scales for any theory that is disformally related to Horndeski's theory. The difference between disformally related curvature perturbations is found to be given in terms of the comoving density perturbation associated with a single canonical scalar field. In General Relativity it is well-known that this quantity vanishes on superhorizon scales through the Poisson equation that is obtained on combining the Hamiltonian and momentum constraints, and we confirm that this is also the case for any theory that is disformally related to Horndeski's scalar-tensor theory. We also consider the curvature perturbation at full nonlinear order in the unitary gauge, and find that it is invariant under a general disformal transformation if we assume that an attractor regime has been reached. Combining this with the fact that such an attractor regime is known to be realised on superhorizon scales in Horndeski's theory, and that the comoving curvature perturbation is known to be conserved in this regime, we conclude that on superhorizon scales the nonlinear comoving curvature perturbation is both disformally invariant and conserved in any theory that is related to Horndeski's by a disformal transformation. Finally, we confirm that theories disformally related to Horndeski's theory give rise to second order equations of motion, meaning that they do not suffer from so-called Ostrogradsky instabilities.
I. INTRODUCTION
A primordial epoch of inflation and the late-time accelerated expansion of the universe constitute two key elements of the standard model of modern cosmology, which is in very good agreement with observational data. Many of the models proposed to try and explain these two epochs of accelerated expansion rely on the introduction of an additional scalar degree of freedom, either in the form of an unknown scalar field in the matter sector, such as an inflaton or quintessence field, or as part of a modified gravity sector, such as in f (R) gravity or Brans-Dicke scalar-tensor gravity.
Recently, efforts have been made to determine the most general form of scalar-tensor theory that encompasses the examples mentioned above and more. In the spirit of effective field theories, such a theory would allow one to introduce a common parameterisation for a wide range of models, making it much easier to understand the relation between different models and to compare their predictions with observations. In trying to construct the most general form of scalar-tensor action, a key requirement is that the resulting equations of motion must be second order in time derivatives. If this condition is not satisfied, it is known that the associated Hamiltonian becomes unbounded from below, both in the presence of even higher order derivative terms [1] and odd higher order derivative terms [2] . As a result, if the system is coupled to another "normal" system, then the total system will develop a so-called Ostrogradsky instability. The most general form of scalar-tensor action that gives rise to second order equations of motion was derived by Horndeski over 40 years ago [3] , and was rederived just a few years ago in the context of so-called Galileon models [4] [5] [6] [7] . More recently, however, it has become apparent that there exist theories that do not belong to Horndeski's theory but that nevertheless do not suffer from Ostrogradsky instabilities [8] [9] [10] [11] [12] [13] [14] [15] . Whilst these theories may appear to give rise to higher-order equations of motion at the level of the Euler-Lagrange equationswhich is why they are not included in Horndeski's theory -hidden constraints render them only second order. These theories are therefore interesting and their phenomenology has been investigated in the literature, e.g. the screening mechanism [16, 17] and possible observational signatures [18] .
In exploring this class of general scalar-tensor theories, use is often made of disformal transformations of the metric, which take the form [19] g µν = α(φ, X)g µν + β(φ, X)∂ µ φ∂ ν φ,
where X = −g µν ∂ µ φ∂ ν φ/2. This is a generalisation of the more familiar conformal transformations, for which β(φ, X) = 0 and α(φ, X) → α(φ). The different representations of a theory, written in terms of disformally related metrics, are often referred to as being written in different 'frames'. In some cases a transformation of the form (1) can be used to remove non-minimal coupling between the scalar field φ and the Ricci scalar or Einstein tensor at the level of the action, leaving only a canonical Einstein-Hilbert term [8, 20, 21] . This particular frame, if it exists, is referred to as the Einstein frame. It is known that the form of Horndeski's action is preserved under disformal transformations if α and β only depend on φ [8, 21] . Allowing for an X-dependence of the coefficients, however, allows one to transform between theories belonging to Horndeski's theory and those that lie outside it [8, 12] .
In many cases it is easier to solve for the dynamics of the scalar field φ coupled to gravity if we first rewrite the theory in terms of a metric that is disformally related to the original metric as in (1) . Having solved for φ and g µν , however, it is often the case that we would like to relate these quantities back to the original metric g µν , for example if matter is minimally coupled to this metric, i.e. it defines the Jordan frame. In the context of cosmology we are particularly interested in the transformation properties of perturbations, and especially the so-called comoving curvature perturbation, R c , which is defined as the curvature perturbation on time-slices of constant φ. It has been known for some time that the comoving curvature perturbation is invariant under conformal transformations with β(φ, X) = 0 and α(φ, X) → α(φ), both at the linear level [22] and the fully nonlinear level [23, 24] . More recently, the invariance of R c was also confirmed for transformations where α(φ, X) → α(φ) and β(φ, X) → β(φ) [25] , and finally for the case where α(φ, X) → α(φ) and β has both φ-and X-dependence [26] . The disformal invariance of the comoving curvature perturbation is a very useful result, as it means that if we are ultimately only interested in the comoving curvature perturbation then we are free to solve the system in whichever frame is most convenient. It is thus natural to ask whether or not the disformal invariance of R c holds for the most general form of disformal transformation, where we allow for an X-dependence of both α and β, and this is the question we address in this paper. We will show that the case where an X-dependence of α is included is crucially different to the previously considered cases, and the comoving curvature perturbation is not identically invariant under such a disformal transformations.
The paper is organized as follows. In §II, we investigate the transformation properties of linear perturbations, choosing to leave the gauge unfixed and to work with gauge-invariant quantities. We elucidate that the comoving curvature perturbation is not identically invariant under disformal transformations when one allows for an X-dependence of α, but that the difference is given in terms of the gauge-invariant comoving density perturbation associated with a single canonical scalar field. We then show that the comoving density perturbation vanishes on large scales for any theory that is disformally related to Horndeski's theory. Details of this calculation are presented in the Appendix. Consequently, we conclude that on superhorizon scales the comoving curvature perturbation is disformally invariant for any theory that is disformally related to Horndeski's theory. Moreover, we show that on superhorizon scales the comoving curvature is also conserved in this class of models. In §III, we consider the transformation properties of perturbations at the nonlinear level, and in this analysis we find it easier to make use of the unitary gauge, where δφ = 0, which makes β irrelevant to the transformation law of the comoving curvature perturbation. We find that the comoving curvature perturbation is invariant under disformal transformations if we assume that an attractor regime has been reached. In such an attractor regime X can be re-expressed as a function of φ, meaning that the situation is exactly the same as in the case of an X-independent α. Using our result, we deduce that in the attractor regime the nonlinear curvature perturbation is conserved on superhorizon scales in any theory that is related to Horndeski's by a general disformal transformation. In §IV, we confirm that the class of theories disformally related to Horndeski's are indeed healthy, in the sense that the associated equations of motion can be shown to be second order. In order to show this it is necessary to make use of hidden constraints to remove higher-order derivative terms that appear at the level of the Euler-Lagrange equations. §V is devoted to conclusions.
II. LINEAR ANALYSIS
First we focus on a linear analysis of perturbations. Let us take a line element of the form:
where
We then consider a disformal transformation of the form (1), under which the line element becomes
where a dot denotes d/dt and we have decomposed α = α 0 + δα and β = β 0 + δβ. Note that we are choosing to leave the gauge unfixed, which will make the interpretation later on more obvious. We would then like to rewrite this new line element in the same form as (2), namely as
At background level this then gives us
where we note that a dot still corresponds to taking the derivative with respect to t rather thant. At the level of perturbations, from the 00-component we obtaiñ
From the 0i-component we haveB
Finally, from the ij-component we findψ
whilst E, F i , and h ij remain unchanged. As such, we see that the vector and tensor perturbation are invariant under the general disformal transformation at linear level. Turning to the gauge-invariant comoving curvature perturbation, R c , it is defined in the original frame as
where H =ȧ/a. In the new frame we similarly havẽ
whereH = (1/ã)dã/dt. Using the background relations (5) we have
which, on combining with (8) , gives usR
In the case that α = α(φ) we have δα −α 0 δφ/φ = 0, meaning that R c =R c , which is consistent with [25, 26] . However, in the case that we allow for an X-dependence of α, we more generally get
where α 0X = ∂α 0 /∂X and X 0 =φ 2 /2. Using δX =φ(δ φ −φA), we thus find
We thus see that the comoving curvature perturbation is not identically invariant under disformal transformations with α = α(φ, X). Note that if one takes the gauge δφ = 0,R c as determined by (14) coincides with the quantity ζ new defined in Eq. (96) of [15] . 1 The importance of ζ new was discussed in [15] : it absorbs all terms in the action generated by a disformal transformation that explicitly depend on the time derivative of the perturbation of the lapse function. In so doing, it makes it explicitly clear that no additional degrees of freedom appear as a result of the disformal transformation. In light of the above analysis, we see that the appearance of the quantity ζ new (=R c ) is in fact very natural, as it simply corresponds to the transformed comoving curvature perturbation.
The quantity ǫ s is a gauge-invariant quantity, and coincides with the comoving density perturbation for a single canonical scalar field, ǫ s = δρ s = δρ − 3Hδq, where δρ = δX + V φ δφ is the density perturbation and δq = −φδφ is the velocity potential for the energy momentum tensor of the scalar field [27] . ǫ s is also related to the intrinsic entropy perturbation of a canonical scalar field as
So far, we have not assumed any particular scalar-tensor theory, and thus (14) holds for any theory. We now proceed to consider specific theories, in order to determine how ǫ s behaves. In General Relativity, if the scalar field is the dominant energy component of the universe, then from Einstein's equations we are able to determine that ǫ s satisfies the Poisson equation
where Ψ ≡ ψ + a 2 H(Ė − B/a) is the gauge-invariant Bardeen potential. As such, ǫ s is suppressed by k 2 on large scales as long as Ψ remains finite, which implies that the difference betweenR c and R c will also vanish on large scales.
It has also been shown that in a subclass of Horndeski's scalar-tensor theory ǫ s still vanishes on superhorizon scales if the comoving curvature perturbation remains constant [25] . To the best of our knowledge, however, it has not yet been explicitly shown for the full Horndeski theory, and this is what we will now proceed to confirm. Here we simply give the result, and more details can be found in the Appendix.
Horndeski's action takes the form
1 In fact, the two expressions do not exactly coincide, but this is due to a typo in Eq. (96) of [15] , whereÑ should be replaced by N (= 1 + δN ), so that to linear order the expression for ζnew should be ζnew = ζ + Ω N Ω δN . We thank J. Gleyzes for confirming this point.
Focusing on scalar perturbations, and taking the spatial gauge E = 0 in (2), the equations of motion for A, B, ψ and δφ were derived in [28] . Combining the constraint equations that result from varying the second order action with respect to A and B, we are able to derive the following Poisson equation for ǫ s
where the coefficients A i and C i depend only on background quantities and are given in the Appendix. Note that whilst one might be concerned by the appearance ofφ 2 in the denominator, this is canceled by a factor ofφ 2 that appears in the combination of coefficients in the curly brackets. As such, we see that ǫ s does indeed vanish on superhorizon scales so long as R c and Ψ are finite, which means that we haveR c = R c on superhorizon scales. In the case of General Relativity with a single canonical scalar field, where G 3 = G 5 = 0, K(φ, X) = X − V (φ) and G 4 = 1/2, we have
so that (23) reduces to (17) . To reiterate, from (14) and (23) we conclude that the comoving curvature perturbation is disformally invariant at the linear level on superhorizon scales in any theory that is disformally related to Horndeski theory, so long as R c and Ψ are finite. Moreover, as a consequence of Eq. (A11) we can see that if ǫ s is vanishing on superhorizon scales then R c will be conserved, which allows us to conclude that at linear order the comoving curvature perturbation is conserved in any theory that is disformally related to Horndeski's theory. This is in agreement with the results of [15, 29] . (See below for a caveat.)
Using the above results, we can argue that the comoving density perturbation ǫ s should vanish on superhorizon scales in any theory that is disformally related to Horndeski's theory as follows. Suppose we have two theories, theory A and theory B, that are both disformally related to an element of Horndesdki's theory, theory H. The metrics for these theories are related as
We can then consider a disformal transformation between theory A and theory B g (B)
with
Then, the comoving curvature perturbations in these theories are related as
As the comoving density perturbation ǫ 
the vanishing of the left hand side on superhorizon scales allows us to infer the vanishing of ǫ
which recovers the result in [25] when α and β are functions of φ only. Interestingly, even for a general disformal transformation with X-dependent α and β, ǫ s is disformally invariant up to a coefficient depending on background quantities. This implies that any theory disformally related to Horndeski's theory should also have vanishing ǫ s on large scales. Before moving on to the nonlinear analysis, here we note an important caveat relating to the conclusions of this section. The crux of the above arguments was that ǫ s vanishes on superhorizon scales in theories disformally related to Horndeski's theory, and the proof of this fact relied on the assumption that R c and Ψ are finite, such that terms of the form (k/aH) 2 R c can be taken to vanish on superhorizon scales. Even in the context of General Relativity, however, it is known that there exists a special class of models -dubbed "ultra slow-roll inflation models" -for which this assumption breaks down [30] [31] [32] [33] . In these models the so-called decaying mode of R c , which can usually be neglected, is in fact growing, and as a consequence the comoving curvature perturbation continues to evolve even on superhorizon scales. Given that such models exist in the context of General Relativity, they must also exist within the more general class of models that we are considering.
III. NONLINEAR ANALYSIS
In going beyond linear perturbations let us take the unitary gauge from the outset, where δφ = 0. In this case, the spatial part of the metric is not affected by the disformal part of the disformal transformation, β, due to the fact that ∂ i φ = 0. Let us take the metric with nonlinear perturbations as
where 2∆α , where α 0 corresponds to the background part of α and e 2∆α contains nonlinear perturbations from this background value, then we see that in the gauge δφ = 0 the metric transforms as
from which we deduceÑ
whilst E, F i , N i and h ij remain unchanged at nonlinear level, which is consistent with the result at linear level in the previous section. As such, the vector and tensor perturbations are invariant at the nonlinear level.
In analysing the last relation in (37), note that as β is irrelevant for the transformation law of R c , the situation is equivalent to determining how R c transforms under a conformal transformation. As such, in the case that α = α(φ) our conclusion is the same as that reached in [24] : in the unitary gauge δφ = 0 so that ∆α = 0, meaning that R c is invariant. This is also in agreement with [26] and -at the linear level -with the results of §II and [25] .
In contrast, when we allow for an X-dependence of α, even in the unitary gauge we find that ∆α = 0 as a result of the dependence of X on N . Explicitly, in the unitary gauge we have α = α(φ,φ 2 /(2N 2 )). As such, we see that α will only coincide with its background value, hence giving ∆α = 0 andR c = R c , when the perturbation of the lapse function vanishes. At linear order, this condition corresponds to A = 0, which is thus consistent with the requirement found in §II that ǫ s must vanish if we are to haveR c = R c , as in the unitary gauge we have ǫ s = −φ 2 A. In order to aid an intuitive understanding of this condition, let us define the proper time τ as dτ = N dt. Starting with the definition of ǫ s at linear order, we can see that it can be rewritten as
where the term in brackets corresponds to the relative entropy perturbation between ∂ τ φ and φ. We can thus see that ǫ s vanishes -in turn givingR c = R c -when ∂ τ φ = f (φ), where f (φ) is some function of φ. Similarly, turning to the nonlinear case, we see that in terms of τ we can write α = α(φ, (∂ τ φ) 2 /2). Imposing ∂ τ φ = f (φ) means that in the unitary gauge α is equal to its background value, which in turn gives us ∆α = 0 andR c = R c . The condition ∂ τ φ = f (φ) is familiar to us as the condition for an attractor regime (see e.g. [34] ), and we thus conclude that in the unitary gauge and an attractor regime the curvature perturbation is disformally invariant at the nonlinear level.
Note that the requirement to be in an attractor regime is not as restrictive as it may sound. Indeed, the vast majority of standard inflationary models satisfy this condition, and it has been shown in [29] that on superhorizon scales Horndeski's theory does indeed give rise to such attractor behaviour. Moreover, it has also been shown in [29] that on superhorizon scales the nonlinear comoving curvature perturbation is conserved in this attractor regime. As such, this allows us to conclude that on superhorizon scales the nonlinear comoving curvature perturbation is both disformally invariant and conserved in any theory that is disformally related to Horndeski's theory. As with the linear analysis of §II, however, it is important to note that there are models for which the above conclusions do not apply, namely models that do not give rise to an attractor regime, see e.g. [30] [31] [32] [33] .
IV. SECOND ORDER EQUATIONS OF MOTION IN THEORIES DISFORMALLY RELATED TO HORNDESKI'S
In the preceding sections we have investigated the transformation properties of the comoving curvature perturbation both at the linear and nonlinear level, with our conclusions holding for any scalar-tensor theory that is disformally related to Horndeski's theory. Whilst a full discussion of what this class of theories corresponds to is beyond the scope of this paper, in this section we confirm that they are at least well behaved, in the sense that they have second order equations of motion. Our analysis is an extension of that of [12] to the case where a φ-and X-dependence of α are allowed for.
The action associated with the aforementioned class of theories can be written in the following form
where we have Horndeski's Lagrangian, L H , written in terms of the metricg µν and matter is minimally coupled to the metric g µν . The metricg µν is disformally related to g µν as in (1) . The frame defined byg µν is the "Horndeski frame", in which the gravitational Lagrangian coincides with that of Horndeski's theory and matter is non-minimally coupled to the scalar field through g µν = (g µν − β∂ µ φ∂ ν φ)/α. However, we are interested in the equations of motion in the Jordan frame, defined by g µν , in which matter is not coupled to the scalar field. Varying the above action with respect to g µν and φ yields their equations of motion,
where E µν H and E (φ) are determined by varying Horndeski's Lagrangian with respect tog µν and φ, namely, δ(
denotes the energy-momentum tensor associated with the matter Lagrangian. As E µν H and E (φ) are the equations of motion for Horndeski's theory, E (φ) contains at most second order derivatives of φ, and E µν H contains at most second order derivatives ofg µν , meaning that it also contains at most second order derivatives of g µν . However, asg µν contains X, in principle it is possible for E µν H to contain up to third order derivatives of φ. As such, we see that (40) will contain up to second order derivatives of g µν but potentially third order derivatives of φ. Similarly, (41) will contain up to third order derivatives of g µν and fourth order derivatives of φ.
We now proceed to show that the equation of motion for φ, (41), in fact only contains second order derivatives of φ. Contracting (40) with ∂ µ φ∂ ν φ, we obtain
The right hand side of (42) still contains the trace of E µν H . Taking the trace of (40) and using (42), we can rewrite the trace as
Substituting (42) and (43) back into (40), we obtain
We note that the right hand side contains at most first order derivatives of φ. Finally, on substituting this expression for E µν H into (41), we obtain
which we can see contains at most second order derivatives of φ. If T µν m does not contain any second order derivatives of g µν , then (45) also contains at most second order derivatives of g µν .
Next let us turn to the equations of motion for g µν , which can be expressed as in (44). We can see that in general these still potentially contain up to third order derivatives of φ, and in particular third order time derivatives of φ. However, taking the trace of (44), namely (43), we are able to express the third order time derivative of φ in terms of lower order derivative terms, and on substituting this expression back into (44) we obtain equations of motion for g µν that contain at most second order time derivatives of φ.
In conclusion, we obtain (44) and (45), which are the equations of motion for g µν and φ in a scalar-tensor theory that is disformally related to Horndeski's theory. The second of these is manifestly second order in derivatives of φ and g µν , and third order time derivatives present in the first equation can be removed after employing the trace of the same equation. Note that the equations of motion associated with Horndeski's theory are recovered if we take α = 1 and β = 0. The above proof relies on making use of so-called hidden constraints to remove higher-order derivative terms [8, 12] . It is essential for the proof that the disformal transformation contains at most first order derivatives of φ. Note that the above theory is different from the theory proposed in [9, 12] , dubbed Gleyzes-Langlois-PiazzaVernizzi (GLPV) theory. Whilst the above theory can be obtained from Horndeski's theory using a single disformal transformation, the GLPV theory cannot.
V. CONCLUSION
In this paper we have examined how the comoving curvature perturbation transforms under the general disformal transformations of the metric given in (1). We began by considering linear perturbations, and showed that whilst the vector and tensor perturbation are invariant, the comoving curvature perturbation is not identically invariant under a general disformal transformation. The difference between disformally related curvature perturbations is given in (14) , which is written in terms of the gauge-invariant comoving density perturbation ǫ s associated with a single canonical scalar field. In the context of Horndeski's theory we used the Hamiltonian and momentum constraints to derive a Poisson equation for ǫ s and confirmed that the comoving density perturbation is suppressed on superhorizon scales. As such, we concluded that the comoving curvature perturbation is disformally invariant on superhorizon scales for any theory that is disformally related to Horndeski's theory. Using this result, we saw that the comoving density perturbation is suppressed on superhorizon scales for any theory that is disformally related to Horndeski's theory, which we were also able to derive explicitly from the transformation rule for ǫ s under disformal transformations. Based on these findings, we conclude that we are free to work in any disformally related frame when we wish to calculate the superhorizon curvature and tensor perturbations that are required in making predictions for inflationary observables. This is an extension of the conformal invariance of the curvature and tensor perturbations that is frequently exploited in the context of simple scalar-tensor theories, where it is often much easier to perform calculations in one frame than in another. One can therefore expect that the disformal invariance of perturbations will also proove to be very useful in this wider class of theories.
Using the unitary gauge, we also considered the comoving curvature perturbation at full nonlinear order, and found that it is invariant under disformal transformations if we assume that an attractor regime has been reached, where
Combined with the fact that such an attractor regime is known to prevail on superhorizon scales in Horndeski's theory, and that the nonlinear curvature perturbation is conserved in this regime, this result implies that on superhorizon scales the nonlinear comoving curvature perturbation is both disformally invariant and conserved in any theory that is disformally related to Horndeski's theory. In addition, we found that the vector and tensor perturbation are invariant under a general disformal transformation at the nonlinear level.
Finally, we confirmed that any scalar-tensor theory that is disformally related to Horndeski's theory does indeed give rise to second order equations of motion, once hidden constraints are used to remove the higher-order derivative terms that appear at the level of the Euler-Lagrange equations. The natural question that remains is to what this class of theories corresponds to, but we leave a full discussion of this issue to future work. (15) is suppressed on superhorizon scales, which is a generalization of the result obtained in [25] for a subclass of Horndeski's theory with
Taking the action (18), assuming a flat FLRW background with line element of the form ds 2 = −N 2 (t)dt 2 + a 2 (t)δ ij dx i dx j and varying the action with respect to N (t) gives us one of the background equations of motion [28] 
Whilst there are two additional background equations corresponding to a variation with respect to a(t) and φ(t), we will not use them in the following analysis, so we omit them here. Turning next to linear perturbations, we take a line element of the form given in (2), but focus on the scalar perturbations. In addition, we fix the spatial gauge such that E = 0. The equations of motion for the perturbations are obtained by expanding the action (18) to second order and varying it with respect to each of the perturbation variables. Here we will only need two of the equations -the two constraint equations obtained by varying the action with respect to A and B -and they take the form [28] −A 1ψ + A 4 A + k 
where the coefficients are dependent on background quantities and are given as 
with Σ, Θ and G T being defined as
The easiest way to obtain (23) 
EliminatingṘ c from these equations we arrive at (23) . One can, of course, derive (23) without having to fix the gauge. To see this explicitly, we eliminateψ from Eqs. (A6) and (A7) to obtain
Considering the left-hand side (l.h.s.) of (A12) first, it can be re-written as l.h.s. = 1
Using (A8) one can then confirm that
In evaluating the coefficient of the δφ term we note that as a result of the background equation of motion E = 0 we have
from which we are able to obtain an expression for µ = E φ . Using this result, and noting thatẊ = 2Xφ/φ, we find
Altogether we thus obtain l.h.s. = 1
Turning next to the right-hand side (r.h.s.) of (A12), we are able to re-write it as r.h.s. = − k 
Using (A8) one can then show that A 3 H +φA 6 + A 5 = 0. As such, we have recovered (23) without fixing the time slicing.
